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We select the functions p; in the form
py = —dll/dz,, py = —mzs (3.13)

Then, as follows from (3.11)—(3.13), u,=—2z(f), and the extremals z,() must be, as
before, solutions of the Cauchy problem (3.7). The satisfaction of the transversality conditions

(3.9) is guaranteed, if we assume M = —dIl[z; (3))/dz; (#), Ay = —mz, (t;). For the completion of the
solution of this problem by the methods of the classical calculus of variations it is further
necessary to prove that the control u,= —z; obtained provides the minimum of the functional

(3.5) . This had been proved using Theorem 1.
The examples considered here show the effectiveness of the proposed design of optimal
control of the motion of mechanical systems based on the use of the first integrals.
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OPTIMAL CONTROL OF STEPWISE PROCESSES WITH PERIODIC CHARACTERISTICS'

A.B. PIUNOVSKII

The problem of optimal control of a stepwise Markov process with periodic
characteristics that is not discontinuous with respect to probability is
solved. The sufficiency of periodic Markov control strategies is proved,
the optimality equation is obtained, and examples of the solution of
practical problems are given.

The construction of optimal strategies for the control of stochastic processes is a
pressing practical problem. /1-10/. Besides stochastically continuous /1, 2, 5, 7—9/ and
purely discontinuous /3, 4, 6/ models of controllable processes, problems in which the
controllable stochastic process has a mixed character are of interest. In /1—10/ models with
diffusion and intermittent components, and also with other interacting Markov processes were
studied. One of the varieties of such combined models, including a chain with discrete time
and a stochastically continuous intermittent process are considered in this paper. Problems
of the optimal control of such system were investigated in /10/ in a finite time interval.
Here the problem of synthesis in an infinite time interval is considered on the assumption
that all the characteristics of the controlled model are periodic time functions.

1. Notation and definitions. A two-component Markov intermittent stochastic process

(&1 bo) is considered here in an infinite time interval I = [0, o). The component §; represents
a stochastically continuous process, the jumps of the component ¥, appear at known instants
T, 21, . ... We denote by X the space of component §, and Y is the space of component states 1,

that are finite or denumerable sets. The term state of the process (§;, ;) at the instant

*prikl.Matem.Mekhan.,50,1,24-31,1986
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te=1 1is understood to be the ordered pair (z,y)& X X Y. The trajectories are understood to
be infinite to the right and have a limit on the left.

Assume that each pair (z,y)= X X Y has a Borel set of admissible controls A4 (z,y)
specified. If at the instant t the process (§; ¥:) takes the value (z,y), and the control
a&E A (z,y) is specified, then Ay, (a,y, ) is the rate of trapsition of the component E, from
the state z to state z& X at instant t. In that case the rate of payoff at the instant t
is e%r; (z, y, a). Here and below o> 0 is the discounting coefficient. Below, only periodic models for
which A, (@, ¥, £ + ©) = Ay, (@, ¥, t)-and Tux (2, Y, @) = T (z, y, a) are considered.

If (Bnr-0» Ymi-o) = (z, y) and the control a& A4 (z, y) is selected, then P, (e, 2) 1is the

probability of the component 1, passing from state y to state ze& Y. In that case the payoff
at the instants nt is " R(z, y, a).
Definition. The set Z={I,X,Y, A, A\ r, P,R}, where A= {J A (x, y)» is called a
x,y)EXXY
model.
We denote by (z,y), the trajectory of process (E; ¥:) in the interval [0, t1C 1.

Definition. The measurable mapping =x, is called the strategy of the control process
(E:,¥:) which puts each trajectory (z, y)y’ in correspondence with the point g =z [(z, y)ilE
4 (zi, y¢), where (z,,y;) is the state of the process at instant t. If the control depends only
on time and the final state = [(z, y)o'] = @ (f, z:, y:) the strategy is called Markov strategy.
The Markov strategy (MS) is called periodic, if ¢ (¢4 1, z,¥%) = ¢ (¢, =, y). For a fixed strategy
n we use the notation g, = x [(z, y)'].

I Definition. The average payoff is called the estimate of the strategy a in the interval

wo (z, Yy, M) = Mg,, v <S e, (&, ¥y, a,) dt + 2 e R (Enr-g) Yrv-os am:-o)> 1.1)
°

n=1

where (z,y) is the initial state of the process at the instant ¢ =0, M&,, , which is the

symbol of the expectation with respect to the measure Pf,, in the space of trajectories of
the process (&, y;) which begins from the state (z,y) for a fixed control strategy =. The
quantity

vo (2, ) = sup @ (z, y, ™) (1.2)

is called the estimate of the model Z. Besides model Z we shall consider a "derived model"
Z,T (S) specified in the interval I’={¢, T] with the final payoff §:X X Y — R!. Evaluation
of the strategy and the model for Z,T(§) is henceforth denoted by the symbols o, (z,y, x, S)
and T (z,y,8). If T =00 and § =0, these arguments are omitted.

Definition. The strategy @ is called e-optimal, if wp(z,y, @) > ve(z,y) — e for all
(z,y)= X x Y, the O-strategy is called optimal.

We shall assume that the following conditions are satisfied.

1°. The functions Ay,z (@, ¥, t) is measurable and uniformly bound with respect to all
arguments.

2°, D Asz(a,y,t)=0
=X

2. | sup |r(z,y,a)|| 4| sup |R(z,y,a)|f o0
acA(x, v) acsA(x, y)

Here and below

ffe(z ) | = n,?‘i,".nsm' filz, ) 1 (e p) = - 11 (=, 0|

2, Fundamental theorems. we introduce the following notation:
Dagt (z,y)= ey (x,y,a) +z§‘, }‘1. (2,9, )8 (E27)]
E'g(@y)=c[R@y,0)+ 3 Py:(0,2)g (@ 2)]

where g is a real function in [0,1)Xx X X Y or X x Y, respectively.
The basic mathematical results of the present paper are covered by the following two
theorems.

Theorem 1. For any & >0 there exists a periodic e-optimal strategy. If A4 (z,y) are
compacta, the functions r and R are upper semicontinuous in a, and the functions A and P are
continuous in a, an optimal periodic strategy exists.

Theorem 2. a) The evaluation of the model v, (z,y) for t<C1 is the unique absolutely



18

continuous solution of the equation of optimality
T

Y, y b & ) v 2.1.
(2, y)= 3 su(g' » E%p (z,y) + § su(g’ " Dfvg (2, y) dd (2.1)
b) Ve (x, y) = %", (3, ¥)

c) the periodic strategy ¢* is optimal, if and only if for all (z,y)= X X Y we have
* *
(d/dt + D°) v, (i, ¥) =0, dtx PE ,, — P.C. (2:2)

E 0 (B g, Prg) = Vro (r-0r Pr0) P'(P;, » — P-C. (2.3)

When solving problems of optimal control Theorem 1 enables us to confine the investigation
to the class of periodic strategies. The numerical construction of optimal periodic strategies
is made possible by Theorem 1.

To prove the theorems we require the following auxiliary constructions,

Let @ (y) be the set of all measurable function in A(zx,y) from [0,7) x X. Each MS is,
obviously, specified by the sequence l[fq,f;,...], where f, is the mapping which puts some element
fn(y) = ® (y) in correspondence to each y& Y. The symbol ¢" will be used to denote the
sequence lf,, fat1, - . .J, when @ = [fo, f1, ...l

Let f be the mapping of set Y in @ = Uyt‘D (y), such that f(H=P(y) and u: X XY »R!

yE

is some uniformly bounded function. We shall denote by L(f)u (when ¢ =0) the solution of
the following Cauchy problem:

(d/dt + DIwE») g, (z, y) = 0 (2.4)
& (z, y) = EI-0.2 y (3, y) (2.5)
In addition to the operator L (f) we shall consider the operator U specified by the
formula
Us=sup L(f)u (2.6)
Y -0

Lemma 1. For any f:Y —-> O

a) if u; > u,, then LN u, > L{f)u, and Uu, > Uu,,

b) LPHw+c)y=L{lu+ e>c, and U (u + ¢) = Uu + %%, where ¢ is an arbitrary constant
function specified in X x Y;

c) the operators L(f) and U are compressive, and

ML uy~ L) ugll e llug—uglls || Uny— UnglI <
ey — ugl;
d) for any ¢>0 and any function u(z,y) a mapping f:Y @ exists such that L(flz >
Uu —e. .
Proof. Note that the matrix exp (S A(f, y, 0)dB) is a stochastic matrix /11/. Hence the
t

statements a) and b) above follow directly from (2.4)~(2.6). Proof of c) above is identical
with that in /3/.

We set Mz y) = swp  Eou(z,y) @.7)
acA(x, )

It follows from the results obtained in /5/ that Uu (z,y) = vot (z, ¥, k). It was also proved
there that for any fixed y there exists in model Zg¢ (h) and e/2-~optimal MS f(y) (¢, ). Moreover,

in accordance with (2.7) we have Ha* (2)=f(y) (t — 0; 2): E*u > h ——;—. Repeating this reasoning

for all yeY we obtain the mapping f: Y — ®. To prove the inequality L(fu> Uu —e it
is sufficient to note that wg (z,y, f (y), ) is the unique solution of (2.4) with initial condition
g =h (see /5/). The lemma is proved.

Lemma 2. Let ¢ = [fo, f1,...] be an arbitrary MS. Then
a)  Gny (z, Y, 9) = €9 0 (2, ¥, )

b) o (@) = L (fo) - - - L{fs) 0o (¢™7)

Proof. Statement a) above follows from (1.1) and the periodicity of the function A,r.
According to /5/, o (, Y, @, @r-0) is the unique solution of (2.4) for f=f, with the initial
condition g (z,y) = @0 (&, ¥, P). From a) it follows that o (9) = L (fo) @0 (9'). Continuing this
reasoning, we obtain the required o {p) = L (fo) ... L{fp) @o (™).

Lemma 3. Letu*be a stationary point of the operator U. Then for any f: Y — @ L" (f)
#* —» g (/). Here and below fe is the periodic strategy ¢ =If,f,...L
N~wco
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Proof. According to Lemma 2 o, (f*) = L (f) ®, (f*). Using c} of Lemma 1, we obtain ||L(f)...
L (f) u* — ©, (=) i < e‘a(nﬂ)r; Ifa»\ —uz*ll—0 which it was required to prove.
1[—.&

My

Proof of Theorem 1. Let us prove that for any e>0 in the model this is an e-optimal

MS, It follows from condition 30 that for any 5> there exigsts an N such that for .'5} N
the inequality
1
e[ @8+ sup |r(z,p )]+ @2.8)
L aSA(x, V)

1 [
T O+l s |RGy D} <
holds. It is well-known* (*Piunovskii A.B. Optimal control of a continuously discrete inter-
mittent Markov process with complete information. No.4512-80, dep. in VINITI, 27.10.80.
Moscow, 1980.) that in model Z ¥ (0) there exists an ¢/3 optimal MS ¢, (¢, 2, ¥). Finally,
for t>> Nt we select the strategy q,(t,z,y) so that the inequalities are satisfied.

re(z, y 92 (t, z,9) > — sup |r{z,y,a)|—5 {2.9)
acA (x,1)
R, y,9s(nt —0,2,9) > — sup |R(z,y,a)| — 8
asA(x,Y)

Using the definitions (l1.1) and (1.2) and inequalities (2.8) and (2.9) it can be readily
shown that the MS ¢ (¢, z,y), formed by functions ¢, and ¢@,, is g—optimal.

To prove the sufficiency of periodic strategies we note that v, (z, y) < u* (z,y), where u*
is the stationary point of the operator U. Indeed, by virtue of c) of Lemma 1l and b) of
Lemma 2 we have a, (9) << L (fy) - L (fa) 8* + 20T (| 0o (@} | + |[u*]) << a* + et (| u* || +
i @o () ) = u*. Let L{(f) u* > Uu" —e’, where g’ =g (1 —¢™@7), The existence of the mapping f

follows from c) of Lemma 1. Using statements a) and b) of Lemma 1, the validity of inequalities
L" (f)u* > u* — e 1is readily proved by methods of complete mathematical induction. By passing

to tha limit wa ahtain {0} ~ .. % = racmiiirad Hara Tamma 1 was usad
«C The 1imit, wWe olTain Wy j= 4 — o/ Vp — &, &8 reguired. uaere Lemma s Was used

The second part of the theorem is proved similarly.

Proof of Theorem 2. We set h,, (r,y) = 20T qup E® X v, (2,y). According to Lemma 2,
aSA (X

when ¢<T, we have v; (z, y) = v (x, y, k). The integral Eq.(2.1) for model Z (h;) follows

directly from the results cobtained in /5/. The integral representations for v = ti5iP" (z,y
hpays) and v, (z,y) = v (2, ¢, hag) when (n — 1)t < ¢t <nt are obtained similarly. Statement

b) is checked by substitution; the existence and uniqueness of a solution of integral Eqg.(2.1)
and similar ones are proved by the standard method of compressive mappings. The proof of

c) is carried out using a) of Lemma 2 and the following identity:

@ (3, Y 1) = F, (2, ) + ME, » Lov-q (Be-or ¥, 1) —
T
Fro@oo,y) + § (d/d0 + D) Fo (o, y)d8> (<)
t

which holds by virtue of conditions 1, and 2 for any strategy ® and arbitrary absolutely
continuous function F;(z,y) on [0,1) X X x Y. For the function F;(z,y) the solution of (2.1)
must be taken.

3. Examples The problem of controllable subs: _zstem Consider the divice capable of

aa ~d ante AF +wn Funoas abrmavrad hafavrahanAd himnbawas 1 A 2 Todanseiaeded e AL
sexrvicin 1g chu;;cmcu\-a CI TWO TYpes sSUOoreQG oerorenana in bunkers 1 and 2, 4ficerrupoaion O

started servicing is forbidden, and the selection of recurrent demand is carried out by the
person operating the control device. The time of servicing of the demand of any type is
assumed to be exponentially distributed with parameter A. The guidance of the device operator
by a higher-order subsystem consists of the following. At the beginning of each interval

[0, 11, [v, 2¢]; ... an indication is received of which of the demands are to be served first (i.e.
priority is assigned y =1 or y = 2j; at the end of the corresponding interval the device
operator receives the payoff R or is punished by the penalty r, depending on whether he has
been serving a more or less priority demand. Let P, = 0.5 + q and P, =0.5 — ¢ be the

assignment PI.UUGULJ..LLJ.I‘-'b of prlorluy ior 2, re&peuu.ve;y \—U 5 \ q\ua) For given ;\1, Ty H,

r.g, o (the discount coefficient) it is required to determine the optimal behaviour of the

operator of the control device, as the cumulative discounted payoff in an infinite interval.
In accordance with accepted notation X = {1, a;, Y {.‘l. 2}, where §; =x& X denotes that

the device is occupied by servicing demands of type #, and ¢; =y& Y indicates that type y
requirements have a higher priority. Let A4 (z,y) = {0,1}, where g =1 (a =0), indicates a

P SR T RS

decision of switching {not switching) on the other bunker has been taken. Let A, (a, ¥, 1) =

( 1)x+z+lax' R =z
N =y’

ri(z,y,a)=0; R(Ivyva)={_r’z_=,éy; Py.(a,5)=P
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The equation of optimality (2.1) may be written in the form

didwv; (z, y) = — sup {ad [v; (z', y) — v; (z, Y]} (3.1)
a&{0, 1}
veo(e, 1) = e [Reyy + Pavo (2, 1) + Pan (2, 2) 3.2)
, 4 z=2 R, z=y
Jc={2,:v=1; x"’={—"a15‘=y
Assume that
V-0 (11 1) > Uio (2v 1), vr-0 (1’ 2) < vy (2’ 2) (33)

It is possible to prove that in this case the solution of system (3.1) has the form v (z,
Y) = Vo (T, ¥) (@ = 9); Ve (2, y) =MD o o(z, y) — oo (@, P+ v (&', ¥) (x4 y). Substituting the
expressions obtained for t =0 into (3.2) and noting that for Zsty we have v (%, y) = vy
(z,y') — e (R +r), we cbtain a system of linear equations for wv., (1,1) and v, (2,2),
from which vy (1,1) = AJA; w4 (2,2) = AJA. This reasoning holds only when inequalities
(3.3) equivalent to the inequality |A; — A | e** (R4 r)A are satisfied, whose solution
has the form

+Mr>m@+2g]) (3.9
The optimal strategy in this case is as follows:
0, z=y
q>(t,x,y)={1, sy
Thus when (3.4) is satisfied, the optimal strateqgy directs the fulfilment of incoming
dispositions.
If instead of (3.3), the following hypotheses are considered:
vio (1, 1) 2> 00 (2, 1); e (1, 2) > 10 (2, 2) (3.5)
v (1, 1) < Vreg (2v 1); veo (1, 2) < vr-o 2, 2) (36)
then, using similar reasoning, we obtain the optimal strategies

0, z=1 0, z=2
‘P(t,z,y)={1 x=2v (p(trzfy)—: 1, r=1

resepctively, and (3.5) is equivalent to the inequalities ¢> 0;(z +A)v<In(1-+2¢) , and (3.6)
is equivalent to inequalities ¢<{0; (@ +A)T<<In(1—2g).

Consequently, the optimal behaviour of the control device has the form shown in Fig.l,
where region a corresponds to the solution "accept for servicing only requests of the first
type", region b to "carry out the incoming orders", and region c¢ "to accept for servicing only
a request of the second type". Line ACB of switching is given by the equation (a4 A)7T =

In(1+421¢])

One channel SMS with refusals. Consider a single-channel queuing system (SQS) into which
a Poisson stream enters at a rate A(f) = b + dsin® (n#/1). Let us assume that the SQS has two
modes of operation characterized by the rates of servicing p, and p, with p,<p, The rate
of loss related to servicing are r, and r; in the first and second modes, respectively. Losses
related to demand result in a penalty R. It is required to construct the optimal strategy of
the system control, i.e., to show for each instant of time the best mode of operation of the
SQS.

The mathematical model of the system is the stochastically continuous controlled Markov
process with periodic characteristics, which is a special case of the discretely continuous
model investigated.

In confirmity with the accepted notation X = {1, 2}, and &, =1 indicates that the channel
is free and §; = 2 that it is occupied. The control space 4 = {1, 2} consists of two elements: 1 the
first mode of operation, and 2 the second. Component vy; does not appear, i.e. Y = {1}; R (z, v,
a) = 0) and subsequently the argument y is omitted. The infinitesimal matrix is

—b—dsin? (-“?‘-) b - dsin? (-’%‘—)

Ala, t)=“
Ba g

and the rate of payoff is
{ 0, z=1
ri(@,0)= —re— R (b 4 dsin?(nt/T)), =2

The problem was solved for the following values of the parameters: t =1,a =2, r, =20, r, =
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120, R = 2, u; = 20, py = 100, b = 2, d = 10. The initial approximation for v, (z) was assumed to be
zero. Equation (2.1) was solved by the iterative method, and the estimate of model v, (%)

was computed with an accuracy of 0.0l. Curves of the estimate of the model and of the optimal
control strategy are shown in Fig.2. It will be seen that the second mode of SQS operation
should be selected in the interval (0, 3; 0,6]. This is explained by the increase in the intensity
of the incoming stream. Subsequently in the intervals /1, 2/, /2,3/;... the strategy is
periodically repeated.

A
%
7 , 1 (A

) — >

I €
a5

=1
’ 7 e
Fig.l Fig.2

4. Special cases. We shall consider some special cases of the general model of a
controllable system defined in Sects.l and 2. Let m(X) =1;r,(z, y,a) =0. Here and below
m (D) is the power of the final set D. The model investigated is converted into a discounted
Markov process of taking decisions /3/. 1In this case statements appearing in Sect.2 agree
with known results.

On the other hand, if we set m (Y) =1; R (z,y, a) =0, the property of stochastic continuity
is restored. Such models were investigated on the assumption that Ayz (@, 8) = Ay, (a); 1e (z, a) =
r(z, a). It was shown in /7/ that in such models it is sufficient to restrict the investigation
to stationary SQS ¢ (¢, z) = @ (f). This is in good agreement with Theorem 1, if one notes that
any arbitrary real number may be taken as T-

Assume that m (Y) =1; R(z,y,a) =0 but the process is not stationary. The model
considered is an example of an important special case of controllable stochastically continuous
intermittent Markov processes, namely of a model with periodic functions A, (a,?) and r; (z, a).
This enables us to state that in such models it is sufficient to limit the investigation to
periodic strategies with the same period 1. According to b) of Theorem 2 the evaluation of
the model is a periodic exponentially damped function.

The model investigated as T —» oo converts into a stochastically continuous discounted
controllable Markov process. The concepts of Markov and periodic control strategies merge
in the statements formulated in Sect.2, and agree with the results obtained in /S5/.

The author thanks G.E. Kolosov for his interest and advice.
REFERENCES

1. CHERNOUS'KO F.L. and KOLMANOVSKII V.B., Optimal Control with Random Perturbations. Moscow,
Nauka, 1978,

2. KRYLOV N.B., Controllable Processes of the Diffusion Type. Moscow, Nauka, 1977.

3. MAIN KH. and OSAKI S., Markov Processes of Taking Decisions. Moscow, Nauka, 1977.

4. DASHEVSKII M.L. and LIPTSER R.SH., The simulation of stochastic differential equations
related to the problem of "discord" on an analogue computer. Avtomatika i Telemekhanika,
4, 1966.

5. YUSHKEVICH A.A., Controllable Markov models with a denumerable set of states and continuous
time. Teoriya Veroyatnostei i yeye Primeneniya 22, 2, 1977.

6. De LEVE G., FEDERGRUEN A. and TIJMS H.C., A general Markov decision method I: Model and
Techniques. Adv. Appl. Probability, 9, 2, 1977.

7. YUSHKEVICH A.A. and FAINBERG E.A., On uniform controllable Markov models with continuous
time and a finite or denumerable set of states. Teoriya Verayatnostei i yeye Primeneniya.
24, 1, 1979.

8. KOLOSOV G.E., Synthesis of optimal stochastic control systems by the method of successive
approximations. PMM, 43, 1, 1979.

9. KOLMANOVSKII V.B. and MAIZENBERG T.L., On the control of the time taken to reach a domain
by random motion. PMM, 44, 1, 1980.

10. PIUNOVSKII A.B. and KHAMETOV V.M., On the optimal control of continuously discrete inter-
mittent processes. Izv. AN SSSR, Tekh. Kibernetika, 3, 1983.



22

11. GIKHMAN I.I. and SKOROKHOD A.V., Introduction to the Theory of Random Processes. Moscow,
Nauka, 1977.

Translated by J.J.D.

PMM U.S.S.R.,V0l.50,No.l,pp.22-30,1986 0021-8928/86 $10.00+0.00
Printed in Great Britain © 1987 Pergamon Journals Ltd.

ON UNIFORM LINEAR INVARIANT RELATIONS
OF THE EQUATIONS OF DYNAMICS'

A.S. SUMBATOV

In a tangential stratification of the configuration manifold of a mechanical
system, the submanifolds of its trajectories specified in local coordinates
by eguations that are linear and homogeneous, with respect to velocities,
are discussed. The local conditions for the existence of some of such
submanifolds in a structural form are established. The results obtained
are illustrated by examples taken from solid dynamics.

1. Let g¢g=R" be the Lagrangian coordinates of a holonomic mechanical system, T =1/,
(a(9) ¢, ¢) its kinetic energy, and F (g) & R” the generalized force. The equation of motion
can be written in a form which can resolve in terms of accelerations,

¢ =—I¢,q)+F 1.1)
or, when the velocity field ¢" = f(q) is specified.
(fFNf=F {1.2)

Here I'(g) is the connectivity object (see /1/), V denotes covariant differentiation,
(8, m) = &ml; the repeating index is understood to mean summation from 1 to n.

Definition. The relations
91(0,9)=0,.... ¢op (3. 0) =0 (m < 2n) 1.3
rank || d¢/dq, 09/og’l| =m

form, in a certain domain of variation of the variables q and ¢ an invariant ensemble for the
system of differential equations ¢ = G (g, ¢') & R*,if for each « =1,...,m the expression

a9, ap . g
=) + (52 ¢)

has the form

9, _ v .
7= e 0, 7) % (1.4

(#ap are the continuous functions).

In the tangential destratification TM of the configuration manifold M of a mechanical
system, Egs.(1.3) define locally a certain submanifold. Under conditions (l.4), the integral
curve of the equations of motion, which has a common point with this submanifold, lies on it,
i.e. the given submanifold is integral.

Let us consider the question of the existence, for Egs.(l.l), of an ensemble of invariant
relations of the form

<A'1l-m+lv q’) = Oy ey <A‘1u q.> =0 (m < n — 1) (15)

where the vectors {A, (g)} are linearly indepenent of each point, (§,n) = (a§, v). In doing so,
we shall confine ourselves to studying two extreme cases: m=n—1 and m = 1.

Theorem 1. Let F= 0. An ensemble of the (n — 1)—th invariant relations (l1.5) exists if
and only if the lines of force are geodesic lines of the Riemann manifold (M, {,)). For F=0,
the system has oo® of such invariant ensembles.

This theorem is a corollary of Theorem 3 proved below. For n =2, it is given in /2/.

For F = grad U (g), the condition of the theorem is written analytically as
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